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? 1 a0 ? a1 ???????????????????
??????f ???????????????????????????????????????
??????????????????????????????? f ?????????????
??????????????????????????????????????????????
??????????????????????????????????????????????
????????????????????????????? (cf. [1])?????????????
??????????????????????????????????????????????
??????????????????????????????????????????????
??????????????
??????????????????????????????????????????????
??????????????????????????
2 ?????
?? ai, bi, ci ∈ R (i = 0, 1) ?????????????????? a0 < a1 ???????? X ?
X := {f ∈ C1,1([a0, a1]) ; f(ai) = bi, f ′(ai) = ci, i = 0, 1}
???????????????? C1,1([a0, a1]) ??????? W 2,∞(a0, a1) ?????????
?????? [2, Proposition 8.4]??????
min
f∈X
‖f ′′‖∞ (1)
?????? (? 1)???? ‖f ′′‖∞ ? f ???????????????????????????
??? (1) ??????????????? f ????????????????????????
????????????????? [a0, a1]????? [0, 1]?????????? f ∈ X ????
?? F ∈ C1,1([0, 1])? F (x) := (a1 − a0)−1f(a0 + (a1 − a0)x)????????? b0 ? 0????
????? G ∈ C1,1([0, 1])? G(x) := F (x)− F (0)?????????
G(0) = 0, G(1) =
b1 − b0
a1 − a0 , G
′(i) = ci (i = 0, 1)
???????G(1) = (b1 − b0)(a1 − a0)−1 =: b ??????? g = G′ ???????? (1)???
??
Y :=
{
g ∈ C0,1([0, 1]) ;
∫ 1
0
g(x)dx = b, g(i) = ci, i = 0, 1
}
2
??????????? 2018-1
?????????
min
g∈Y
‖g′‖∞ (2)
????????????????????????????????
?? 1 ????? (2)???????? g ?????? m ∈ R, r ∈ [0, 1] ????
g(x) =
{
mx+ c0 (x ∈ [0, r])
m(1− x) + c1 (x ∈ [r, 1])
???????
???????????????
?? 1?????m ? r ?????????????????????????r = 0??? r = 1?
????? 2b = c0+ c1 ?????????????????? g(x) = (c1− c0)x+ c0 ??????
????? 2b ̸= c0 + c1???? r ∈ (0, 1) ????????????x = r ? g ????????
??,
g(r) = mr + c0 = m(1− r) + c1.
??? r ∈ (0, 1)????? m ̸= 0 ???????????,
r =
1
2m
(m+ c1 − c0), g(r) = 1
2
(m+ c1 + c0), (3)
????????? m ? b, c0, c1 ????????????????????,
b =
∫ 1
0
g(x)dx =
r
2
(c0 + g(r)) +
1− r
2
(c1 + g(r))
???????? (3) ?????????????????????:
8mb = (m+ c1 − c0)(m+ c1 + 3c0) + (m+ c0 − c1)(m+ c0 + 3c1)
⇐⇒ m2 + 2 [(c0 + c1)− 2b]m− (c0 − c1)2 = 0.
????? X := 2b− (c0 + c1) ( ̸= 0) ????????????????? m ?
X ±
√
X2 + (c0 − c1)2
????????????????? |c0 − c1| ≤ |c0 − g(r)|+ |g(r)− c1| = r|m|+ (1− r)|m| = |m|
???,
m =
{
X +
√
X2 + (c0 − c1)2 if X > 0,
X −√X2 + (c0 − c1)2 if X < 0,
?????????????
?? 1??????? (1)?????????????????????????? g?? f ????
????????????????????? f ???????????????? f ??????
?????????????????????????????????????????????
(? 2)?
3 ?? 1???
?? L ∈ R???,
ZL := {g ∈ C0,1([0, 1]) ; g(i) = ci, i = 0, 1, ‖g′‖∞ ≤ L}
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? 2 f ??????????????????? x = R ?????
??????????? µ : R→ 2R ??????:
µ(L) :=
{∫ 1
0
g(x)dx ; g ∈ ZL
}
.
??? L < L∗ := |c0 − c1| ??? ZL = ∅ ?????????? µ(L) = ∅ ??????
? L???? µ ???????????? L < L∗ ??? µ(L) = ∅ ??????? L = L∗ ????
ZL ??????????????????? µ(L∗) ???????????? L > L∗ ??????
???? ‖g′‖∞ ≤ L ?????? g ∈ ZL ?????? (0, c0) ????? ±L ??????? (1, c1)
????? ±L ??????????????????????????? g ∈ ZL ? g∗ ≤ g ≤ g∗ ?
????????? g∗, g∗ ∈ ZL ??????
g∗(x) = min{Lx+ c0, L(1− x) + c1}, g∗(x) = max{−Lx+ c0,−L(1− x) + c1}
????????? M(L) := ∫ 1
0
g∗(x)dx ??? m(L) := ∫ 1
0
g∗(x)dx ??????????????
?????
???? 2 ??? L > L∗ ??? µ(L) = [m(L),M(L)] ???????? g ∈ ZL ????∫ 1
0
g(x)dx =M(L) (??? ∫ 1
0
g(x)dx = m(L)) ???????? g∗ (??? g∗) ??????
?? [??] ??? g ∈ ZL ??? g∗ ≤ g ≤ g∗ ??????????????????????
? µ(L) ⊂ [m(L),M(L)] ??????????? g∗, g∗ ??????????????????
? gt = tg∗ + (1 − t)g∗ ∈ ZL (0 ≤ t ≤ 1) ?????
∫
gt ?????????????????
µ(L) = [m(L),M(L)] ??????????
????? 1????????????? M(L) ? L ?????????m(L) ?????????
?? 2???????? b ∈ R ?????? Lb ≥ L∗ ??????????????:
• L ≥ Lb =⇒ b ∈ µ(L)????
∫ 1
0
g(x)dx = b ?? g ∈ ZL ??????
• L < Lb =⇒ b ̸∈ µ(L)????
∫ 1
0
g(x)dx = b ?? g ∈ ZL ???????
??? ming∈Y ‖g′‖∞ = Lb????‖g′‖∞ = Lb ????? g ∈ Y ? ZLb ????? g∗, g∗ ???
??????????????????????????????
??
??????????????????????????????????????????????
??????????????????????????????????????????????
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? 1 ?????????????????????????????????
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